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ROTATION VECTORS AND FIXED POINTS OF
AREA PRESERVING SURFACE DIFFEOMORPHISMS

JOHN FRANKS

ABSTRACT. We consider the (homological) rotation vectors for area preserv-
ing diffeomorphisms of compact surfaces which are homotopic to the identity.
There are two main results. The first is that if O is in the interior of the convex
hull of the rotation vectors for such a diffeomorphism then f has a fixed point
of positive index. The second result asserts that if f has a vanishing mean
rotation vector then f has a fixed point of positive index. There are several
applications including a new proof of the Arnold conjecture for area preserving
diffeomorphisms of compact surfaces.

In this paper we investigate area preserving diffeomorphisms of compact surfaces.
We are concerned with “rotation vectors” defined in terms of homology which can
be associated to the points of the surface. There are two main results. The first
is that if f is an area preserving diffeomorphism of a compact surface which is
homotopic to the identity and 0 is in the interior of the convex hull of the rotation
vectors of f then f has a fixed point of positive index. The second result concerns
the mean rotation vector of f. It asserts that if this vector vanishes then f has a
fixed point of positive index.

A special case of this second result — when the surface in question is a surface of
genus zero — was proved in [F5].

In §6 we give several applications including a new proof of the Arnold conjecture
for area preserving diffeomorphisms of compact surfaces.

1. CHAIN RECURRENCE

We briefly recall the definition of chain recurrence due to Charles Conley in [C].
In the following f : X — X will denote a homeomorphism of a metric space X.

(1.1) Definition. An e-chain for f, from x to y, is a sequence x = x1, 29, ..., T, =
y in X such that
d(f(xz), zi41) <€ for1<i<n-—1.

A point z € X is called chain recurrent if for every € > 0 there is an e-chain from
x to itself. The set R(f) of chain recurrent points is called the chain recurrent set
of f.

It is easily seen that if the metric space X is compact then the chain recurrent
set R(f) is compact and invariant under f. Moreover it is independent of the choice
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of metric on X, depending only on f and the topology of X. If X is not compact
then R(f) is closed and invariant but it depends on the metric defined on X rather
than just the topology.

The following simple result is well known and is valid whether or not X is
compact.

(1.2) Proposition. If R(f) = X (in particular if f preserves a finite measure
whose support is all of X) and if X is connected, then for any € > 0 and any
x, y € X there is an e-chain from x to y.

Proof. Note that if f preserves a finite measure whose support is all of X then by
Poincaré recurrence almost every point of X is recurrent, from which it follows that
R(f)=X.

We define a relation ~ on R(f) by x ~ y if and only if for every ¢ > 0 there is
an e-chain from x to y and another from y to x. It is clear that ~ is an equivalence
relation. From the definition it is easy to see that each equivalence class for the
equivalence relation ~ is open. Since equivalence classes are pairwise disjoint it
follows that the complement of an equivalence class is open. Since X is connected
there can be only one equivalence class. [ ]

By a surface of finite type we mean a smooth two dimensional manifold obtained
by taking a smooth compact surface (possibly with boundary) and deleting finitely
many points from its interior. Equivalently it is a surface obtained by taking a
smooth compact surface with boundary and removing some, or all, of the boundary
components

Suppose f : M — M is homotopic to the identity and M has negative Euler
characteristic. If 7 : M — M _is the universal covering space of M there is a
canonical lift of f to a map F': M — M; namely, F' is that lift obtained by lifting
the homotopy f¢ from the identity to f to form a homotopy of M starting at the
identity on M.

(1.4) Lemma. Suppose N is a surface of finite type and fo : N — N is a home-
omorphism homotopic to the identity whose canonical lift to its universal covering
space is F : N — N. If F is fized point free and fo has no interior fixed points,
then there is a complete Riemannian metric on N which when lifted to N has a
distance function d(,) satisfying d(F(z),z) > 1 for all z € N.

Proof. The proof is slightly technical, but it is based on a simple idea. On any
compact set it is easy to alter the metric to satisfy the conclusion — in fact one can
realize the desired metric by embedding in a Euclidean space. The general case
uses the same idea.

Let N7 be the compact surface obtained from N by replacing the deleted punc-
tures. We assume that N7 has been embedded in R%* We next embed N as
a closed set of R5. Let g : N — (0,00) be a smooth function which satisfies
g(z) < dist(z, Ny — N) for all x € N and define ig : N — R® by ig(z) = (z,1/g(x)).
It is easy to see that ig is an embedding of NV onto a closed submanifold of R°. Let
f i0(IN) — io(IV) be defined by setting f(ig(z)) = io(fo(x)).

Let U be a compact tubular neighborhood of the boundary of N which contains
no punctures and let Ny denote the surface of finite type N \ int(U). There are
no fixed points of fo in Ny. In R®, for » > 1, let N, denote the compact set
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{z € i9(No) | ||z|| < r + 1}. Choose a smooth function ¢ : [0,00) — R such that
d(t) > 1 for all ¢, ¢'(t) > 0 for ¢t > 0, and so large that

#(r) > max L

e o~ J@I

(Tt is not difficult to find a smooth function with positive derivative which is greater
than any given continuous monotonic increasing function defined on [0,00).) Tt
follows that )

—— < min ||z — f(2)]

S < min e = 1@

Define a diffeomorphism h : R® — R® by h(r,v) = (r¢(r),v), where r and v
are spherical coordinates, i.e. v € R® is a unit vector, r > 0 and = rv. Let
{v1,v2,...,v5} be an orthonormal basis of the tangent space to the unit sphere in
R5 at the point v. The matrix for Dhy. ) with respect to the orthonormal bases
{8%,1)1,1}2, ...,us} at (r,v) and {%,Ul,vg, ..., U5} at h(r,v) has the form

<¢><r> +r9/() ¢(g)}> |

It follows that
(1) IDhE < ——
nra)ll = 50

We will show that |h(f(z)) — h(x)|| > 1 for all z € ig(Np). If this is not the case
there exists zg € 19(No) with ||h(f(z0)) — h(zo)|| < 1. By the mean value theorem
applied to the diffeomorphism ~~!

1 (o) = zoll < [[DR; M| [IA(f (z0)) = (o) || < || DR,

where p is a point of the straight line segment joining h(xo) and h(f(x)). Hence
by (1) above

&) 7o) = aoll < — < in llo = f (@)1,

(r)

where r = ||h=1(p)||. But h~! is a contraction, so ||zo —h ™1 (p)|| < ||h(x0) —p| < 1.
Thus zg € N, when r = ||h=1(p)||. This contradicts (2).

It follows that [|h(f(z)) — h(x)|] > 1 for all z € ig(Np). Letting ¢ = h o g
gives an embedding such that ||i(f(x)) —i(z)]| > 1 for all x € Ny. We consider
the Riemannian metric on N obtained by pulling back to Ny the restriction of
the Euclidean metric to (). In this metric d(z, fo(z)) > 1 for any x € Ny, so if
this metric is lifted to M, we have d(y, F(y)) > 1 for any y € 7~ 1(Np). But also
since U is compact and F' is fixed point free, there is a constant § > 0 such that
d(y, F(y)) > 6 for all y € 7=1(U). Scaling the metric by 1/ we have d(y, F(y)) > 1
for all y € M. [ |
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2. HOMOLOGICAL ROTATION VECTORS

In this section we define homological rotation vectors for surface diffeomorphisms
isotopic to the identity map on compact surfaces and investigate their properties.
Homological rotation vectors for surfaces of genus zero were considered in [F5]. We
also consider the “mean rotation vector” for an invariant measure g which can be
expressed as the integral of the rotation vectors of points with respect to p (see
(2.3) below).

We are interested in investigating the existence of periodic orbits for area pre-
serving diffeomorphisms on a surface. We will consider a compact surface M and
focus on the case where the diffeomorphism f : M — M is isotopic to the identity,
and M has negative Euler characteristic. We begin by formulating the definition
of “homological rotation vector” for such a diffeomorphism f: M — M.

We fix a metric on M of constant negative curvature. We assume that each
boundary component is a geodesic. Even more, we assume that one can form M
by taking a convex geodesic polygon in hyperbolic space (some vertices of which
may be points at infinity) and making identifications of some of the edges.

Pick a base point by in the interior of the polygon whose sides are identified to
form M. We want to define a function v which assigns to each x € M a geodesic
segment vy, in M from by to z, in such a way that the correspondence x — =,
is measurable. We do this using the fact that M is a convex geodesic polygon in
hyperbolic space with some edges identified, and with by in its interior. We then
let ~y, to be the unique geodesic segment from by to x if = is in the interior of this
polygon. For each pair of edges which are identified we pick one and choose 7, to
be the unique geodesic segment from by to & which back in the polygon ends on
the chosen edge.

Let f:(z) be a homotopy from fy =id: M — M to f; = f. Because the Euler
characteristic of M is negative f; is unique up to homotopy. This means that if
gt is another homotopy with go = id and g1 = f then there is a homotopy from
ft to gi, i.e. amap H : M x [0,1] x [0,1] — M such that H(z,t,0) = fi(x) and
H(z,t, 1) = gi(x).

For any point 2 € M we want to construct a path in M from z to f™(z) and
then form a loop with the segments 7, and vsn(;). To do this we observe that if
7 M — M is the universal covering space of M there is a canonical lift of f to a
diffeomorphism F' : M — M; namely, F'is that lift obtained by lifting the homotopy
ft from the identity to f to form a homotopy of M starting at the identity on M.
The other end of this homotopy is then defined to be F. The uniqueness of f; up
to homotopy implies that F' does not depend on the choice of homotopy from the
identity to f. F'is the unique lift whose extension to the ideal points at infinity of
M has all those points as fixed points.

Consider the path a(n,z) from x to f™(x) in M which is given by

a(n,z)(t) = fi'(z).

Again the homotopy class of this path relative to its endpoints is independent of
the choice of the homotopy f; because of the uniqueness (up to homotopy) of this
homotopy.

For each © € M let h,(x, f) be the closed loop based at by formed by the
concatenation of ., the path a(n,z) in M from z to f™(x) and 7ysn(,) traversed
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backwards. If the diffeomorphism f is clear from the context we will abbreviate
hn(z, ) to hy(x).

Note that if * denotes concatenation of based loops then hy(z) * hp, (f™(x)) is
homotopic to hpim (z). We will denote by [y (z)] the homology class in Hy(M,R)
of the loop hy(z). Note that [hyim(z)] = [hn(2)] + [Am(f™(x))]. We can now
formulate the definition of homology rotation vector.

(2.1) Definition. Let M be a compact surface which has negative Euler character-
istic and may have non-empty boundary. Suppose f : M — M is a diffeomorphism
which is isotopic to the identity map. The homological rotation vector of x € M is
an element of Hy(M,R) denoted R(z, f), and is defined by
hy
Rz, f) = lim L2l

n—oo n
if this limit exists.

If the limit in Definition (2.1) above does not exist then R(z, f) is undefined and
we say « has no homological rotation vector.

Let p be a smooth f invariant measure on M. The homology classes [hy(z)] €
Hy,(M,R) depend measurably on z. In fact there is a closed set of measure zero in
M (consisting of the “edges” of the polygon and their inverse images under f) on
the complement of which the function [hq(z)] is locally constant.

(2.2) Lemma. If f: M — M is as in (2.1) and f preserves the smooth measure
u then the function [hi(x)] defined on M with values in Hy(M,R) is bounded and
w measurable, hence integrable.

Proof. We already remarked that [h1(x)] is measurable since it is locally constant
on the complement of a closed set of measure zero. We need to show that it is
bounded. This is the main place our hypothesis of compactness of M is used.

Using the fact that M is a compact surface it is clear the length of the loop
hi(x) is uniformly bounded in z. Also only finitely many elements of Hy(M,Z) can
be represented by loops of a given length. It follows that [hi(x)] € H1(M,R) is a
bounded function of x.

We observe that if M were not compact, the function hj(x) might not be
bounded. In fact it is easy to construct a diffeomorphism of the disk punctured at
its center which has the property that as one approaches the central puncture the
diffeomorphism rotates around that puncture an arbitrarily large amount. One can
construct such a diffeomorphism for which [h;(x)] is not integrable. Of course this
diffeomorphism is not smoothly extendable to the whole disk.

In our setting, however, the function [hy(z)] is integrable. Since [hpi+m ()] =

[n ()] + [ (7 (2))],

n—1
Y [ (fi(@))] = [hn(@)].
i=0
Hence by the Birkhoff ergodic theorem, for p-almost all z the limit
n—1
> ) = Jim, lnle] _ e,

exists.
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(2.3) Definition. The mean rotation vector of f is an element of Hyi(M,R) de-
noted R, (f), and is defined by

Ruf) = / o

Another consequence of the Birkhoff ergodic theorem is that

Ru(f) = [ R, dn

A key property of the mean rotation vector is that it is a homomorphism from the
the group of p invariant diffeomorphisms isotopic to the identity to Hi(M,R). The
proof of this fact is really just the change of variables formula for integration. We
give it here for purposes of exposition.

(2.4) Proposition. Suppose f and g are diffeomorphisms of the compact surface
M which are isotopic to the identity and preserve a smooth measure . Then

Ru(f 0g)= Ru(f) +Ru(g>'

Proof. The loop hi(z, fog) is homotopic to the concatenation of the loops hi(x, f)
and hl (f(x)hg)? 50 [hl (‘T? f o g)] = [hl(xv f)] + [hl (f(l'),g)] Thus

/ s (2, f o g)ldp = / o (o )y + / (), 9))ds.

Since f preserves yu, we have that [[hi(f(z),g)ldu = [[h1(z, g)]du. Hence

Ru(fog) :R#(f>+Ru(9)~ u

The Poincaré recurrence theorem implies that the set of recurrent points in M
has full measure. Thus the set of points for which R(z, f) exists and which are
recurrent under f has full measure. Moreover, any rotation vector is essentially a
convex combination of rotation vectors of a recurrent points as the following lemma
shows.

(2.5) Proposition. Let z be a point for which the limit R(x, f) € H1(M,R) exists
and let € > 0 be arbitrary. Then there are points y;, 0 < i < n in the set of f
recurrent points with the property that R(y;, f) exists and there are rationals ¢; such
that

<e.

||R(ZZ?, f) - ZClR(yU f)

=0

Proof. Consider the sequence of measures {v,,} where v, is supported on the finite
set {z, f(z), f2(x),..., f*"1(x)} and assigns measure 1/n to each of these points.
Let v be a weak limit of these measures. Then it is invariant under f. Let ¢(z) =
hi(x) be the function defined in the beginning of §2.



ROTATION VECTORS AND FIXED POINTS 2643

One can show easily that

lim [ ¢dv, = R(z, f).

n—oo

We will show that also
Ro(f) = lim [ ¢dvy,,

so R, (f) = R(z, f). Note that if the function ¢(x) = hi(z) defined in the beginning
of §2 were continuous then it would be immediate that

R.(f) = /M ¢dv = lim oduy,.

n—oo M

By slightly changing the polygon used to define the arcs -, in the beginning of
§2, we can arrange that the discontinuities of the function hi(z) (which are the
points on the boundary of this polygon) have measure zero with respect to v.
We can choose a decreasing sequence of compact neighborhoods V;, of this set
which satisfy v, (Vi) < 1/m. Moreover, we can construct continuous functions
Om : M — Hy(M,R) which agree with ¢ outside of V,, and are uniformly bounded
(say by K which we choose also to be a bound for ¢). It is not difficult to show
that for fixed m if n is sufficiently large then v, (V,,) < 1/m.

Thus for fixed m and for an arbitrarily large n (recall that only a subsequence

of {v,} converges to v) we now have
= H/ (¢_ (bm)dy
M

H/M o /M o
o o
o f o

<2Kv(Vy) + K/m + 2Kv, (Vi)

so that
o f

Clearly this implies that a subsequence of [ ¢dv, converges to [ ¢dv, but since
lim, .o [ ¢dvy, exists, it follows that [ ¢dv = lim, o [ ¢pduy,.

If the measure v should happen to be ergodic then for v almost any point in
its support (and hence for a recurrent point y by Poincaré recurrence) we have
Ry, f) = R(z, f). In the general case we can apply the ergodic decomposition
theorem ( see [Ma], for example) which says roughly that v is a convex combination
of ergodic Borel probability measures. In particular, there is a finite set of ergodic
probability measures {y;} with the property that

/M R(z, f)dv — gci /M Rz, f)du;

But since each p; is ergodic, there are points y; in the support of u; with R(y;, f) =
Jor Ry, f)dpss. u

< 5K/m.

<eE.
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3. HANDEL’S FIXED POINT THEOREM

Suppose that h : D — D is an orientation preserving homeomorphism of the
disk D = D2. We are interested in the orbits of points whose alpha and omega limit
sets each consists of single (but distinct) points in dD. Given a two such points
x, y € D we will say that their orbits, orb(z) and orb(y) are linked provided the
points «a(y) and w(y) separate the points a(z),w(z) in 9D, or equivalently if the
straight line segments from «(z) to w(x) and from a(y) to w(y) intersect in a single
interior point of D.

We say that orbits orb(x;), 1 < i < n, form an oriented cycle of links if there
is an oriented polygon in the interior of D whose i side is a segment of the line
segment from «(x;) to w(z;) and the orientation of this side is consistent with the
orientation of this line segment from a(z;) to w(z;).

We can now state a very powerful fixed point theorem of Michael Handel (see
[H1] and [H2)).

(3.1) Theorem [H1]. Suppose h is a homeomorphism of D?. If there are points
x; € D? whose orbits form an oriented cycle of links, then h has a fized point in the
interior of D?.

It seems likely that a slightly stronger conclusion to this theorem is valid, namely
that there exists an interior fixed point of positive index. This stronger conclusion
is important for some of the applications we wish to make. While this conclusion
is not known to hold in general, it does hold in the special setting where we wish
to apply it. This result is also due to Handel (personal communication) and we
present his proof here.

There are two reasons for presenting the proof. First we need only a special
case of the general theorem stated above and Handel has shown in a personal
communication how much of the deep and difficult work for the general theorem
can be avoided in this case. Secondly, presenting this exposition makes this paper
relatively self-contained. The version of Handel’s theorem we need can certainly
be extracted from his paper [H1], but piecing together parts of his work to achieve
the form we need would result in a far from optimal exposition. The author would
like to emphasize, however, that this section is only an exposition of the work of
Michael Handel.

We begin by describing the special setting for which we shall give the proof.
Suppose f : M — M is a diffeomorphism of a compact surface with negative
FEuler characteristic and f is isotopic to the identity. It is possible and convenient
to provide M with a metric of constant negative curvature with each boundary
component being a geodesic. Let M denote the universal covering space of M and
let C(M) denote the circle or Cantor set of “points at infinity” of M which can be
added to M _to compactify it. We think of M as a convex subset of the hyperbolic
disk and C(M) as a Cantor set in the boundary circle of the hyperbolic disk or the
entire boundary if M has no boundary components.

If F: M — M is the lift of f obtained from lifting the homotopy of f to the
identity then F' extends to C'(M) by setting F(z) = z for all z € C(M). If z € M
is the not a periodic point of F', but 7w(z) € M is periodic then it is not difficult to
see that a(x, F') and w(x, F') are each a single point in C’(M) and these points are
distinct.
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Indeed, one can find these points as follows: If 7(x) has period n let  be the loop
from 7(x) to itself traced by 7(z) under the homotopy of f™ to the identity which
is the n-th iterate of the homotopy from f to the identity. The curve v cannot be
null homotopic since that would imply that x is periodic under F'. Let vy be the
closed geodesic in M freely homotopic to v and given the same orientation as ~y. If
T" is the lift of v which starts at = then there is a lift I'g of 79 which is a uniformly
bounded distance from I". The curve I'g is then a geodesic in the hyperbolic plane
which has its ends at a(z, F) and w(z, F) in C(M).

The setting in whic/}l we wiNH apply Handel’s fixed point theorem is this: The
disk D we consider is M U C(M) and the points x; whose orbits form the oriented
cycle of links will all have the property that 7(z;) is a periodic point of f.

Given a disk diffeomorphism F : D — D and an orbit orb(z) with w(x) a
single point w in 9D, we will say that the orbit has a simple periodic end at w
provided that there is some chart V' centered at w on which there are coordinates
(r,y), —e<x<e, 0<y<e, €>0,in which the map F' is given by

F(z,y) = (2/2,y/2).

We say that the orbit has a homotopy periodic end at w provided that for any
neighborhood W of w in D, with & ¢ W, there is a diffeomorphism g of D supported
in W such that g~ o F o g is isotopic relative to orb(x), by an isotopy supported
in W, to a new diffeomorphism Fy which has a simple end at w for the orbit of
x. In other words, if we allow ourselves to change F' by a conjugacy supported in
a neighborhood of w and then by an isotopy relative to the orbit of  (under the
conjugate diffeomorphism), we can create a simple periodic end at w.

A key lemma is the following one due to M. Handel. The short proof here was
suggested by the referee.

(3.2) Lemma. Suppose F is a diffeomorphism of M which is a lift of f: M — M

as above, but with M having empty boundary (punctures are allowed). If x € M
is not periodic under F, but w(x) € M is periodic then for n sufficiently large, the

orbit of x under the iterate F™ has homotopy periodic ends at points of C(M).

Proof. Replacing f and F' with iterates we may assume that = € M is fixed by f.

Let y € m—!(x). The hypothesis then implies that there is a non-trivial covering
translation o : M — M such that a o F = F o« and a(y) = F(y).

Note that « is an isometry of the hypebolic plane M and both « and F extend
to C(M ), the “circle at infinity” of this hyperbolic plane. In the compactified

hyperbolic plane, D = M UC (]\7 ), we have

lim of(y) = w.
k—o0
Clearly the orbit of y under 8 has a simple periodic end at w.

Let Do denote D with w and the other fixed point of « deleted. The quotient
space of Dy under the action generated by « is a closed annulus A. Since F' and «
commute F induces a homeomorphism fy : A — A which is isotopic to the identity.
If yo € A is the image of y under the quotient map then fo(yo) = yo.

It is a well known and easy fact that if ¢ is a diffeomorphism of the annulus
which is isotopic to the identity and has a fixed point p then g is also isotopic to
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the identity relative to p. Applying this to fo with fixed point yo we obtain an
isotopy of fy to the identity relative to yg. If this isotopy is lifted to M so that F
is the lift of fy we obtain an isotopy H; from F' to « on all of D with the property
that Hy(w) =w for 0 <t < 1.

Without loss of generality we can assume that W is a neighborhood of w whose
boundary is a segment I' of a circle perpendicular to 0D and joining two points ¢ of
0D which are near w, i.e. T is a geodesic in M together with its endpoints in C(M).
If m is large then Wy = o™ (W) is a small neighborhood of w and if m is sufficiently
large then o~ (H;(Wy)) is disjoint from X = D \ int(W) for all ¢ € [0, 1].

Consider the isotopy K¢ (z) defined for z € XUW UP by K;(z) = z for z € XUP
and Ki(z) = a™! o Hy(z) for = € Wy. By the isotopy extension theorem (see (5.8)
of [M]) we can extend K; to an isotopy of all of D relative to P with Ky = id.
Then F o K; ! is an isotopy relative to P from F o K;' = F to F o K" which
on a neighborhood of w is equal to F o (a=! o F)~! = a. Thus F has a homotopy
periodic end at w for the orbit of x. [ |

(3.3) Lemma. Suppose F is an orientation preserving C* diffeomorphism of R?
and p is a fized point which is isolated in the set Fix(F™) for all m > 0. If the
indezx I(p, F) <0 then I(p, F™) = I(p, F) for allm > 0.

Proof. Let A be the matrix of the determinant D f,,. Since F' preserves orientation
det(A) > 0. If (I — A) is non-singular then I(p, F') = sgn det(I — A). It follows that
the eigenvalues of A cannot be negative or complex since then I(p, F) > 0. Thus
the eigenvalues must be real and positive. In this case it follows from Theorem
(2.2) of [CMY] that I(p, F7) is independent of j, so the result follows. [

(3.4) Proposition (Handel). Suppose f : M — M is a diffeomorphism homo-
topic to the identity where M is a surface of finite type with negative Euler charac-
teristic. Let F be the canonical lift of f to the universal covering space M. Suppose
that there are points x1,x2,...,T; € M whose orbits form an oriented cycle of links
for F and such that each w(x;) is a periodic point of f in the interior of M. Then
F has a fized point in the interior of M. If the fized points of F project to a finite
set in M then F has a fixed point of positive index.

Sketch of Proof. We first note that the case when M has some boundary compo-
nents can be reduced to the case when it has none. We do this by simply deleting
the boundary and applying the result to the restriction of f to the interior of M.
Thus we will assume that A has no boundary and M is the hyperbolic plane.

Let D = M U C(M) be the compactification of M obtained by adding ideal
points on the boundary. Then F extends to all of D and is the identity on the
boundary.

We note that to prove the result it suffices to find a fixed point for F™ for some
n > 0 and to show that if the fixed points of F' are isolated then F™ has a fixed
point of positive index. This is because of the fact that a homeomorphism of the
plane which has a periodic point of period greater than one must also have a fixed
point and a fixed point of positive index if the fixed points are isolated (see [BF],
for example). Thus if we know that F™ has a fixed point, then F has a fixed point.

To get a positive index fixed point for F', assuming that F' has isolated fixed
points and there is a fixed point of positive index for F™, we make the following
observations. If F' has a periodic point of period greater than one and its fixed
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points are isolated then it has a fixed point of positive index by the result of [BF]
mentioned above. The only other possibility is that F' has fixed points of non-
positive index and no other periodic points. But then Lemma (3.3) above asserts
that for any such fixed point the index I(z, F7) must be constant as j varies which
would mean there is no fixed point of positive index for F™. Thus this possibility
cannot happen.

The advantage of proving our result only for F™” is that it allows us to use Lemma
(3.2) and hence assume that the orbit of each x; has a periodic end (for both forward
and backward iterates). We will henceforth make this assumption and refer to the
diffeomorphism as F' rather than a power of F'.

We proceed with a sketch of the proof in this case. Let P = |Jorb(z;). By
Lemma (3.2) F' : D — D is isotopic relative to P to Fy which has a simple periodic
end at each of the points w; = w(x;, F) and at each of the points a; = a(z;, F).

There is a hyperbolic metric (of constant curvature —1) on the space X =
D\ (PUJD). One can see this by considering X as a countable union of “pairs of
pants” glued together along geodesic boundary components, but with the “pairs of
pants” having one “leg” a cusp rather than a geodesic boundary component. (Think
of starting with a surface with two cusps and one geodesic boundary component.
Add to it a surface with one cusp and two geodesic boundary components by gluing
along a geodesic. Repeat this ad infinitum.)

Just as with surfaces with finitely many cusps every non-contractible closed curve
in X is isotopic to a unique closed geodesic and every properly embedded line in
X, with the property that neither component of its complement is contractible, is
properly isotopic to a unique geodesic. These facts are relatively easy to establish
using the fact that X is an increasing union of hyperbolic surfaces of finite type.
It is also easy to see that if two properly embedded lines are disjoint then the
geodesics isotopic to them are also disjoint. This can be seen by considering lifts
of the curves to the universal covering space of X which is the hyperbolic plane.
While we generally picture X as the disk D with punctures, it is important to note
that boundary of D is not part of X and there is not a natural compactification of
the hyperbolic manifold X which would add a circle of “ideal points” corresponding
to this boundary.

Returning to D we let A; and W; denote small neighborhoods of the points a;
and w; respectively. We choose these neighborhoods in the regions where Fy has
periodic ends and so that Fo(W;) C int(W;) and A; C int(Fo(4;)), (see Figure
1). Let p; denote the geodesic in X properly isotopic to 8W; and denote by p;(n)
the geodesic properly isotopic to Fg'(8W;). Since the families of curves {p;(n)}
and {F7(OW;)} have the same combinatorial pattern, relative to P, there is a
diffeomorphism h : int(D) — int(D) which is the identity on P, properly isotopic
to the identity on X, and has the property that h(Fg(OW;)) = pi(n) for all n > 0.
Let G =h"'o Fyoh and let W; = h(W;), A; = h(A;).

Since G is conjugate to Fy which has a periodic end at a; we can choose an arc
Jo C int(A;), joining two consecutive points on the orbit of 1, with the property
that Jo and G(Jy) intersect only at their common endpoint. Clearly G™(Jo)NJo = 0,
for all n > 1. Each of the arcs J; = G*(Jy), if it has its endpoints removed, is a
properly embedded line in X joining two cusps. Let K; denote the geodesic in X
isotopic to the interior of J;. The disjointness of the J; implies that K, N K, = 0

for all p # q.
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FIGURE 1

We next wish to show that for i sufficiently large J; and K; have non-empty
intersection with W5. To do this we let

B= 6 G*(Jo)

k=—oc0

where m is chosen so large that the ends of G™(Jp) are in W;. Thus B is a properly
embedded half line in D splitting A; in two components and ending in a point of
Wj. Notice that by construction B U Az = . Similarly if Q is an arc joining two
consecutive points of the orbit of x5 in the interior of W5, we can form the properly
embedded half line

o0
c=U ¢"@
k=—r

splitting W5 and ending in a point of Ay with the property that C NW; = (). From
the configuration of these arcs in D, which we know because of the hypothesis that
the orbits of z; and o link, it is clear that there must be a point z € BN C.
Thus if k is sufficiently large G*(z) € int(Ws) and G*(z) € J; for some i. In fact
this argument shows that for some ¢ there must be a non-zero intersection number
of J; with one of the arcs in int(W2) joining two consecutive points on the orbit
of x5. Since this intersection number will not change under isotopy relative to P,
these two arcs can be replaced by the geodesics (in X) isotopic to them. It follows
that K; must intersect a geodesic which joins two cusps and which lies entirely in
Ws. Thus we have shown that for 7 sufficiently large J; and K; have non-empty
intersection with Wh.

We want to consider subarcs of K; which lie entirely in some W, and others
which lie entirely in the complement of | JW; in X. If T is a subarc of K; which
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joins points of the boundaries of W), and W, but otherwise lies in the complement
of |JW; we want to think of isotoping G(T') to a segment of K;;; keeping the
endpoints in |JW; (recall that G(K;) is isotopic to the geodesic K;11 in X). The
problem is that there is no well defined “endpoint” of the arc as we carry out the
isotopy from G(T) to a segment of K;1. There is, however, a well defined ending
segment. We now make this precise.

Fix a large ¢ and consider I'; the collection of segments of K; N (X \J int(W;))
which connect two different components of UOW);. This set is not empty. In fact
the argument above which showed that K; N W5 # () implies that there are at least
two distinct segments in I'; which have one endpoint in 9W; and two (perhaps
coinciding with the previous two) with one endpoint in OWa. If v € T'; then it is
a geodesic segment with endpoints in |JOW; = |Jpj, say it ends in p, and p,.
The arc G(y) has endpoints in the geodesics p,(1) = G(pp) and pq(1) = G(pg).
The proper isotopy from G(K;) to K;y1 can be done in such a way that the finite
set of points of intersection of G(K;) with the geodesics {p;(n)| n > 0} varies
continuously with no new points of intersection created and none destroyed. This
can be proved, for example, by considering “curve shortening” and using the fact
that the properly embedded line G(K;) and the geodesic p;(n) are the images under
the diffeomorphism G of the geodesic K; and the geodesics pj(n — 1).

Let Li(7) be the segment of K;;1 with endpoints in p,(1) and pg(1) which is
isotopic to G(7y) by the isotopy which keeps endpoints in p,(1) and pg4(1) as just
described. And let L(vy) denote the subset of I';;; consisting of subarcs of Ly (7).
Thus L(v) is the finite set of all those subarcs of the arc Li(y) C K;+1 which lie
in X\ J int(W,,) with their endpoints in distinct components of | JOW;. If we
inductively define

= J Lo

BeL™(7)

then one can show inductively that L™(v) is the set of all those subarcs of the
arc L, (y) C Kitp, which lie in X \ |J int(W,,) with their endpoints in distinct
components of | JOW;, where L,(v) is the segment of K, with endpoints in
pp(n) and pg(n) which is isotopic to G™(y) by an isotopy which keeps endpoints in
pp(n) and pq(n).

Finally let

r=Jr,
J

where the union is over all j > i. Since the segments in I' are all subarcs of the
pairwise disjoint geodesics { K}, they are pairwise disjoint arcs embedded in X \
U int(W,,) and it follows that there are finitely many equivalence classes [y], v € T,
where [y] denotes the isotopy class in X \ |J int(W,,) by an isotopy which keeps
the endpoints in | OW,,.

Notice that if [y9] = [y1] then the sets L(yo) and L(v;) have the same number
of elements in each isotopy class. We form a finite graph with one vertex for each
equivalence class [y] and an oriented edge from [v;] to [vi] if v € L(v;).

We wish to show that this graph has a vertex with multiple oriented paths of
the same length from that vertex to itself. This follows from an argument like
the argument above which showed that K,, intersected W5 for large n. In fact if
v is an arc from OW; to OWj, then our hypothesis of an oriented cycle of links
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implies that for some m, the points w; and wy, separate a,, and w,, in dD. Hence
an argument like the one just referred to implies that for some N > 0 the arcs
G™(y), n > N run from a point of W; to a point of W, but pass through W,,, in a
way that is homotopically essential relative to P. From this we can conclude that
L™(v) contains at least two arcs in distinct isotopy classes. This means that on our
graph there are paths of length n from [y] to at least two distinct vertices. But
was arbitrary and n was any sufficiently large integer. It follows that there is one
n with the property that from any vertex of the graph there are paths of length
n to two distinct vertices. From this it is easy to see that there must be a vertex
contained in two distinct cycles. If the two cycles are of different length then using
multiples of each of them will give two cycles of the same length.

Consequently there is a v € I and an n such that L™(vy) contains two subarcs of
K., which are isotopic to y keeping their endpoints in | J OW;. Of course there may
be more than two such subarcs. If all such subarcs are given an orientation which
is the restriction of an orientation on K4, then there must be two with opposite
orientations. In fact it is not difficult to see using the Jordan curve theorem that
two adjacent arcs from such a collection must have opposite orientations.

Hence the arc G™(7) is isotopic to a subarc L, () of K;t, by an isotopy which
keeps the endpoints in | G™(0W;). Moreover L, () contains a subarc 7 such that
[7] = [7] but their orientations are reversed. Let T = L, (7).

Consider the universal covering space X of X and let g be a lift of v to X joining
rp and 74, lifts of p, and p, respectively (see Figure 2). Let Ty be the lift of T" as
shown in Figure 2 joining lifts r,(n) and r4(n) of p,(n) and p,(n) respectively. Now
To can be isotoped, keeping its endpoints in r4(n) of p,(n), to a lift of G™(v). Let
H: X — X be the lift of G" which maps ¢ to this lift of G"(v) and extend H to
Seo, the circle at infinity of the hyperbolic plane X.
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Let Iy and I; be disjoint intervals in S, which join the endpoints of 7, and of r,
respectively. Notice that r,(n) = H(r,) and rp lie on opposite sides of r,. Likewise
rq(n) = H(rq) and r, lie on opposite sides of r,. This means that H(ly) C I and
H(I;) C Iy. Tt follows that H has a point of period 2 on Su; in particular, it has
no fixed points there. But H is a homeomorphism of the disk XU Soo and so must
have a fixed point. Since G is properly isotopic to F' as maps of X there is a proper
isotopy from H, a lift of G™, to Hy, a lift of '™, obtained by lifting the isotopy
from G™ to F™. Since H and H; are lifts of properly isotopic diffeomorphisms on
X they induce the same map on S.. Thus H; must have a fixed point. If the fixed
points of H; are isolated, it must have a point of positive index. If the fixed points
of H; are not isolated, then either F' has a periodic point or the fixed points of F’
are not isolated.

It follows that F'™ has a fixed point and if F' has isolated fixed points then it has
fixed point of positive index. [ ]

4. THE CONVEX HULL OF THE ROTATION SET

(4.1) Theorem. Let M be a compact orientable surface with negative Euler char-
acteristic. Suppose f : M — M is a diffeomorphism of the surface M which is
isotopic to the identity map and preserves a smooth probability measure p and has
at most finitely many interior fized points. If 0 is in the interior (in Hy(M,R))
of the convex hull of the rotation set R(f) = UR(x, f), then f has an interior
fized point of positive index. In fact the canonical lift of f to its universal cover
F: M — M has an interior fized point which is of positive indez.

Proof. According to Steinitz’s theorem (see [HDK], page 44) any point in the in-
terior of the convex hull of a set in R™ is in fact in the interior of the convex hull
of 2m points in that set. Thus if m = dim H,(M,R), there are 2m vectors {v;} in
the rotation set, R(f), such that 0 is in the interior of their convex hull.

Our strategy is to perturb f slightly to a new map g which we can prove has a
fixed point of positive index and which we can show has precisely the same fixed
points, with the same index, as f.

For each ¢ there is a point x; with v; = R(x;, f). We would like to choose z; to
be an interior periodic point of f. If there is no such z;, e.g. if v; has irrational
coordinates, we will perturb f to go in a small neighborhood of z; so that there is a
periodic point y; with w; = R(y;, go) with w; so close to v; that 0 is in the interior
of the convex hull of {w;}. We proceed with the details.

We form a new surface N by puncturing M at the finitely many fixed points
and by deleting any boundary components of M which contain a point with a lift
in M which is fixed. We let N = 7~ }(N) € M where 7 : M — M is the universal
covering. By (1.4) there is a complete Riemannian metric on N which induces a
metric on N with the property that d(F(y),y) > 1 for every y € N.

Given a periodic point y for a diffeomorphism f isotopic to the identity we denote
by L(y, f) the closed loop formed by joining the arcs from f7(y) to fT1(y) traced
out by the isotopy from f to the identity (here the index j varies from 0 to one less
than the period of y). We orient this arc in a direction from f7(y) to f7+1(y) so
that the loop formed has a distinguished orientation.

(4.2) Lemma. There is an isotopy of [ to fo such that
i) The support of the isotopy is on a compact subset of N, i.e. fo and f agree
outside of a compact subset of N.
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ii) d(Fo(y), F(y)) < 1/2 for all z € N, where Fy is the lift of fo to M, obtained
by lifting the isotopy.

iii) There are periodic pointsy; of fo in the interior of M such that either L(y;, fo)
is null homotopic for some i, or if v; denotes the geodesic (in a hyperbolic
metric on M) which is freely homotopic to L(y;, fo), then the complement of
Ui in M has only components which are either contractible or have genus
zero and contain a single puncture or a boundary component of M.

iv) There are positive integers ¢; such that Y ¢;[vi] =0 € Hi(M,Z).

We postpone the proof of this lemma and complete the proof of (4.1). Note that
it suffices to find a fixed point of positive index for Fj : M — M. This is because f
and fy agree except on a compact set K of N, so F' = Fy except on 7~ 1(K) C N,
and the fact that F' has no fixed points in N together with ii) above implies that Fy
has no fixed points in N either. Thus any fixed point of Fj is also a fixed point of
F and F = F, on a neighborhood of this fixed point. Thus we will have completed
the proof of (4.1) (modulo the proof of (4.2)) if we prove the following.

(4.3) Lemma. Suppose that fo and its lift Fy are as in Lemma (4.2). Then Fy
has a fized point of positive indez.

Proof. If in part iii) of Lemma (4.2) it is the case that L(y;, fo) is null homotopic for
some i, then a lift of y; to Misa periodic point of Fj. But since M is homeomorphic
to the plane it follows from the assumption that Fj has a discrete fixed point set
and the Brouwer plane translation theorem that in this case Fy has a fixed point
of positive index (see [BF], for example).

In the other case we will show that Fy satisfies the hypothesis of Theorem (3.4)
and hence has the desired fixed point. In fact the points whose orbits form an
oriented cycle of links are lifts of the periodic points y; we obtained in (4.2) above.

A lift of the orbit of y; will be asymptotic to a lift of the oriented geodesic ~;,
and conversely. Thus to show that there are lifts of the points y; whose orbits form
an oriented cycle of links we need only show there are lifts of the oriented geodesics
{7:} which form an oriented cycle of links. For this it suffices to find a contractible
polygon in M whose boundary is made of subarcs of the geodesics in {+;} and with
the property that the orientations of the boundary segments are all compatible, Le.
form a cyclic ordering on the boundary. If we find such a polygon and lift it to M
and extend its geodesic sides infinitely then the collection of geodesics so obtained
will be lifts of geodesics in {;} and will form the desired oriented cycle of links.

Consider the components of W = M \ |Jv;. We want to construct an arc in M
which runs from component to component but always crosses between components
in such a way that it intersects the ~; with an intersection number of the same
sign. If M has punctures or boundary components we start our arc, call it «, in
a component of W containing a puncture or boundary component; otherwise any
component will do. From there we cross into a neighboring component, crossing
with intersection number 1 or —1. This determines the sign of the intersection of
all crossings we will allow.

We continue this procedure until one of three conditions is met: 1) we reach a
different component of W which contains a puncture or boundary component, 2) we
re-enter a component we have already visited, or 3) we enter a component with no
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boundary or puncture whose boundary is consistently oriented. To see that we can
always arrive at one of these conditions note that whenever we enter a component of
W whose boundary segments are inconsistently oriented, it is possible to leave this
region with a crossing having the same intersection number as the crossing by which
we entered. Thus since there are finitely many components we must terminate with
one of the three conditions satisfied.

Of course, 3) is the one we want. If this occurs the component of W in which
the arc ends is a polygon whose boundary is consistently oriented and the theorem
is proved as we remarked above. Thus we wish to show that 1) and 2) above are
impossible.

Consider 2) first. In this case we can take the part of our arc which leaves the
final component and returns to it and close up this segment to form a closed loop
B in M which can be oriented to have positive intersection number with every
geodesic 7;. But this would mean that there is a positive intersection pairing of 3
with > ¢;[;] where ¢; are the positive integers given in iv) of Lemma (4.2) above.
On the other hand 3 ¢;[v;] = 0 so this is a contradiction.

Case 1) is very similar. In this case there is an embedded arc running from
one cusp (puncture) or boundary component to another. This arc can be oriented
to have positive intersection number with each 7;. It follows that its intersection
number with > ¢;[7;] is positive, which is again a contradiction. In this case the
intersection pairing we use is a bilinear map from H;(M) and Hi(M,X) to the
integers, where X is a small neighborhood of the punctures and boundary of M
and the arc we constructed determines an element of Hy (M, X). This completes
the proof of (4.3) (and hence (4.1)) except for the proof of Lemma (4.2) which we
now address. [ ]

We begin the proof of (4.2) with the observation that if e > 0 is sufficiently small
then any e-chain for f has a unique lift to an e-chain for F : M — M. Tt follows
that given any e-chain for f from a point by to itself (with ¢ small) and given a
point b € M with 7(b) = by, we can associate with them a free homotopy class of
loops in M. This class is just the homotopy class of the projection to M of an arc
joining the two ends of a lift of the periodic e-chain. We will consider a hyperbolic
metric on M and represent this free homotopy class by the (unique) closed geodesic
contained in it. If the e-chain is D, then the corresponding geodesic will be denoted
YD

Recall that we formed the surface N by puncturing M at the finitely many
fixed points of f and by deleting any boundary components of M which contain
a point with a lift in M which is fixed and we defined a complete Riemannian
metric on N which induces a metric on the covering space N with the property
that d(F(y),y) > 1 for every y € N.

(4.4) Lemma. Suppose that f satisifes the hypothesis of (4.1). Then for any
e >0, and any element v € H1(M,Z) there exist an e-chain D from some point by
to itself and a postive integer a with av = [yp] € H1(M,Z). Moreover this e-chain
is an e-chain for f restricted to N in the metric d(,) on N.

Proof. Recall that 0 is in the interior of the convex hull of {v; = R(z;, f)}. Clearly
we can assume each v; is non-zero. Moreover, because of Proposition (2.5) we can
replace each point z; by a finite set {y;;} of recurrent points with the property that
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v; is very close to a convex combination of the rotation vectors {R(yi;, f)}. If these
convex combinations are sufficiently good approximations to the vectors v;, then 0
will be in the interior of the convex hull of these approximations and hence in the
interior of the convex hull of {R(y;;, f)}. To put this another way, it is possible to
choose the set x; (namely by choosing it to be the collection of all y;;) so that each
x; is recurrent and 0 is in the interior of the convex hull of {R(x;, f)}. We assume
this to have been done and continue to refer to R(z;, f) as v;.

We note that in M the recurrent points form a set of full measure. Hence the
recurrent points of f restricted to N are dense. It now follows from Proposition
(1.2) that for any € > 0 there is an e-chain from a point by € N to z; and one
from x; to by for each i. These e-chains are with respect to the metric on N which
induces the distance function d(,) described above, whose existence follows from
Lemma (1.4). If € is sufficiently small, then any e-chain p1,pa,...,p, for f lifts to
an e-chain for F in M and it is unique once its first point in 7=1(p;) is specified.

For each i we form an e-chain from by to x;, then along a long stretch of the orbit
of x; to x; again and then back to by. This is done by concatenating the chain from
bo to x;, a long stretch of orbit and then the chain from x; to by. If this chain is
lifted to M it will go from zy € m~1(bg) to a(zp) for some deck translation . Let w;
denote the homology class of a loop in M formed by projecting a path in M from 20
to a(zp). If k is the number of points in the e-chain then it is clear that by choosing
the segment of actual orbit of x; that is used in this construction sufficiently large
we can make w;/k as close as we wish to v;. This is because the beginning and
ending segments of the chain (from by to x; and back) have fixed length but the
orbit segment from x; to a point very near z; can be chosen arbitrarily long and
R(x;) = v;. We do this construction so that 0 is in the interior of the convex hull
of {w;}. Call these e-chains C;.

Now given any element v € Hy(M,Z) we can construct an e-chain D from by to
by which represents a positive multiple of v in Hy (M, R). This is because zero is in
the interiour of the convex hull of {w;} so there is a solution of

E a;w; = av

with ¢ > 0 and a; > 0. Since each w; is a rational vector, if the vector v is rational
the numbers a; can be chosen to be positive rationals. Multiplying both sides by a
positive integer, we can assume that a and each of the a; are integers. Now if we
let D be the concatenation of a; copies of C1, with as copies of Co, and a3 copies of
C3 etc. we have the desired D. [ |

The following lemma essentially says that Lemma (4.2) is valid without the
necessity of perturbing f if instead of periodic orbits we are satisfied with periodic
e-chains.

Just as a periodic orbit determines a free homotopy class of loops, as described
above, so does a periodic e-chain {y;} for f with ¢ sufficiently small. We will denote
by Lo({y:}, f) the closed loop formed by joining the arcs from y; to f(y;) traced
out by the isotopy from f to the identity and short arcs from f(y;) to yit1.

(4.5) Lemma. If f: M — M is as in (4.1), then
i) There are periodic e-chains {y;} for f in the interior of M such that either
Lo({y:}, f) is null homotopic for some i, or if v; denotes the geodesic (in a
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hyperbolic metric on M) which is freely homotopic to Lo({y:}, f), then the
complement of | J7i in M has only components which are either contractible
or have genus zero and contain a single puncture or a boundary component
of M.

ii) There are positive integers ¢; such that Y ¢;[v;] =0 € H1(M,Z).

Proof. We need first to select a set of homology classes which can represent loops
as above which are freely homotopic to geodesics that will divide the surface M
into pieces with the desired properties. Recall that these geodesics are with respect
to a hyperbolic metric on M.

Assume first that M is of genus greater than zero. Then we can choose a homol-
ogy class r1 € Hy(M,Z) which has non-zero intersection pairing with some other
homology class in Hy(M,Z). This, of course, means that r1 is non-zero and that
it cannot be represented by a peripheral loop. A peripheral loop is one which can
be homotoped to either a boundary component of M or an arbitrarily small neigh-
borhood of a puncture. We construct the e-chain D; as above and let 7 be the
geodesic freely homotopic to the loop determined by D;. This geodesic will likely
have multiplicity greater than one, i.e. it will run several times around the same
primitive geodesic. Also the homology class [y1] determined by ~; will be ayr for
some positive integer a.

Next we select a finite set {r;} of non-trivial homology classes in H;(M,Z)
satisfying certain properties. We require that the intersection pairing of r; and r;
be non-zero when ¢ > 1. Also we let X be a small neighborhood of the union of the
boundary and punctures of M and require that for any non-trivial u € Hy(M, X, 7Z)
there is an r; which has non-zero intersection pairing with u. It is not difficult to
see that this is possible with a finite collection {r;}.

As before, for each r;, we construct the e-chain D; as above and let -; be the
geodesic freely homotopic to the loop determined by D;. The homology class [v;]
will be a;r; for some positive integer a;

We consider the complement of | J7; in M which consists of a finite number of
components. Consider one of these components S. It cannot contain more than one
boundary component or puncture of M since then it would contain an arc joining
two components of X which would represent a non-zero element v € Hy(M, X,7Z)
which has zero intersection pairing with every r; and this would contradict our
choice of {r;}.

We will show that S must have genus zero. If it were topologically a surface
(with boundary) of positive genus it would contain two simple closed curves with
non-zero intersection number. But this is impossible since either one of these curves
would represent a non-zero u € Hi (M, X,7Z) which has zero intersection pairing
with every r;. Therefore, S has genus zero.

Finally suppose S contains no boundary component or puncture of M. We will
show that it is contractible. If not, it contains a simple closed curve 3 which is
non-trivial in H;(S). This curve cannot separate M since both components of the
complement would contain points of | J; and this set is connected (each ~; intersects
~v1). But the only other possibility is that 8 has non-zero intersection number with
a loop in M formed by taking a small transversal to 8 and joining its ends in the
complement of 3. Hence the homology class of 8 is non-zero in Hy (M, X, Z) which
also contradicts the construction of {7;}. We conclude that S must be contractible
or contain a single puncture or boundary component. Thus we have shown that S
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either has genus zero and contains a single puncture or boundary component or S
is contractible.

It follows that {v;} will satisfy i) of the lemma. To arrange for ii) to be satisfied
we must add one more geodesic vp. We consider the homology class v = — 3", ([i]
and construct the corresponding e-chain Dy and geodesic vg. Since a multiple of
[70] is equal to v, and both these classes are integral, it is clear we can find integers

¢; such that
Z C; [’YZ] =0.
i=0

Clearly the collection of geodesics enlarged by adding v still satisfies i).

To achieve the same result in case that M is of genus zero the argument is
somewhat different. Since we can find an e-chain from by to itself representing any
a positive multiple of any integer homology class we can, in particular, do this for
the zero class. In this case there will be a single periodic e-chain for f. The loop
corresponding to this e-chain might be null homotopic — this is the first possibility
listed in i). If it is not, let v be the geodesic freely homotopic to it. Then since M
has genus zero every component of the complement of v must either be contractible
or contain either a boundary component or puncture. Clearly ii) is satisfied in this
case with 9 = v and ¢y = 1. [ |

We are now ready to complete the proof of Lemma (4.2). Lemma (4.5) gives
us a set of geodesics with properties iii) and iv) of Lemma (4.2), but they do not
correspond to orbits of periodic points, but only to periodic e-chains of f. We will
perturb f to fy in such a way that each of these chains becomes a periodic orbit
for fp and so the geodesics corresponding to these periodic orbits are precisely the
same as those for the periodic e-chains of f.

By making arbitrarily small changes in the points of these e-chains we can arrange
that, except for the first and last point of each periodic chain (which are equal), all
points of the chains as well as their images under f are distinct from one another.
We assume this to have been done.

Let @1, %2, ...,z be the points of all the periodic e-chains {D;}. By assumption,
each xj, has a “successor” zj, in this set such that d(f(zx),z},) < €, so for each k
there is a smooth curve 0y : [0,1] — N of length < ¢ joining f(xj) and x}. We
choose a parameterization of the curves [y proportional to arc length and perturb
their embeddings if necessary so that whenever they cross they do so at different
values of the parameter, i.e. ¢ # j implies §;(s) # 5;(s) for every s € [0, 1].

Let 6 = mind(f;(s), 3;(s)) where the minimum is over all s € [0, 1] and all pairs
1,7 with 4 # j. Choose an integer N such that 1/N < §/2. Then each of the smooth
arcs O, ([0 — 1)/N,i/N]), 1 <i <N, 1 <k < n has alength < ¢/N. Also for
each fixed ¢ the arcs B;([(i — 1)/N,i/N]), 1 < k <n are pairwise disjoint.

For each integer j between 1 and N we construct an isotopy hi(j) : M — M
with the following properties:

i) The support of h:(j) is contained in the union of small pairwise disjoint

neighborhoods of the arcs By ([(j — 1)/N, j/N]),

i) d(h(j)(x),z) <e/N for all z € N,

i) 7 (7)(B6((G — 1)/N)) = Bul(G/N) for 1 < j < .

Let h : M — M be defined by hy = hi(N) o hy(N — 1) o -+ 0 hy(1). Then
clearly d(hi(x),z) < € for all z € N so part ii) of our lemma is satisfied. Also
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hi(f(z;)) = ; and thus the homeomorphism fo = hy o f has each of the periodic
e-chains D; as a periodic orbit so part iii) is satisfied. Clearly by construction i) is
satisfied. ]

5. FIXED POINTS AND THE MEAN ROTATION VECTOR

If M is the universal covering space of M we denote by F' : M — M the canonical

lift of f which fixes the “points at infinity” of M , i.e. the lift obtained by starting
with the identity map of M and lifting the homotopy on M from the identity to f.
We will identify IT; (M) with the group of covering transformations for the universal
cover. For any element « € II; (M) we will denote the homology class it determines
by [a].
(5.1) Theorem. Suppose M is an oriented compact surface with negative Euler
characteristic and f : M — M 1is a diffeomorphism isotopic to the identity which
preserves the smooth measure p and has R, (f) = 0. Then there is an interior
fixed point of f which has positive index and which lifts to a fixed point of F the
canonical lift of f to the universal covering space M.

Proof. Choose a norm || || on Hy(M,Z) and pick a basis of it represented by a
family {C;} of oriented embedded closed curves in M. Let {A;} be a family of
annuli with each A; a compact tubular neighborhood of the corresponding Cj.

Fix i and construct a p preserving flow ¢; on M supported in the interior of A;
and with each non-trivial orbit a circle “parallel” to C; and oriented the same as C;.
The existence of such a flow is a consequence of the von Neumann, Oxtoby-Ulam
theorem (see [OU]) which asserts that up to homeomorphism p on A; is equivalent
to Lebesgue measure on a standard annulus of the same area. It is then clear from
the definition that R, (¢;) € H1(M,R) is equal to tk[C;] for some positive constant
k.

Choose s > 0 sufficiently small that d(¢s(z),z) < e/3 for all € M. Note that
R.(¢s) = sk[C;], and so by Proposition (2.4) if g; = ¢so f, then R, (g;) = sk[C;] =
a;|C;] where a; = sk. Also

(1) d(gi(x), f(x)) = d(¢s(f(x)), f(x)) < /3.

In other words any orbit segment for g; is an e-chain for f.
As mentioned in §2 the Birkhoff ergodic theorem implies that R(x, g;) exists for
w1 almost all x € M and

/R(:c,gi)du = a;[C;].

This integral (like any integral) can be approximated by a weighted average of
values of the integrand. That is, given any 6 > 0 there exist x1,x2,..., X, in the
interior of M and positive constants b; such that

- b
ai[Ci] =Y " biR(z;,91)| < —,
j=1
and hence

[@—Zﬁﬁ@@yd.

3

j=1
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Moreover, we can assume that each x; is in fact recurrent under g; since by the
Poincaré recurrence theorem this is true for a set of full measure in M.

Clearly we can do the same construction for the homology class —[C;] and find
a diffeomorphism g¢; and points ac; which are recurrent and for which a homology
class within ¢ of —[C}] is a positive linear combination of the set {R(z, g;)}.

If ¢ is sufficiently small then 0 will be in the convex hull of any set of § approxima-
tions to {[C;], —[C;]}. Hence it follows we have found a finite set of diffeomorphisms
{g:} U{g;} and a finite set of points for each of them such that 0 is in the interior
of the convex hull of all the vectors of the form R(z;, g;) or R(z;, g}).

Notice that if it were the case that g; = ¢g; = f for all i then the hypothesis
of Theorem (4.1) would be satisfied and our result would follow. While g; and g,
are not equal to f they are close enough for the proof to work. In Theorem (4.1)
the finite set of recurrent points with the property that 0 is in the interior of their
convex hull, was used in only one way: an arbitrarily long orbit segment was used
as part of a periodic e-chain which corresponded to a loop whose homology class
is nearly a multiple of the rotation vector of the point. In our current setting we
can use the orbit of the point under a lift of g; or g} in the same way. Equation
(1) above implies that this orbit for a perturbation of f is an e-chain for f. The
remainder of the proof is identical to the proof of (4.1). [ |

There is a single theorem which generalizes both (4.1) and (5.1) and which will
be of use for applications considered in §6.

(5.2) Theorem. Suppose M is an oriented compact surface with negative Euler
characteristic and f : M — M s a diffeomorphism isotopic to the identity which
preserves the smooth measure . Suppose in addition that for every positive €, 0
is in the interior (in Hy(M,R)) of the convex hull of the set R(f)U B:(R.(f)),
the rotation set of f together with the ball of radius € centered at R, (f)). Then f
has an interior fized point of positive index. In fact the canonical lift of f to its
universal cover F : M — M has an interior fixed point which is of positive index.

Proof. In the proof of (5.1), for any € > 0 we constructed a finite set of diffeomor-
phisms {g;}, which are ¢ close to f in the C° topology and a finite set of points
for each of them such that 0 is in the interior of the convex hull of all the vectors
of the form R(z;,g;). The same construction can be used without the hypothesis
that R, (f) = 0 to produce a finite set of diffeomorphisms {g;}, which are € close
to f in the C° topology and a finite set of points for each of them such that R, is
in the interior of the convex hull of all the vectors of the form R(z;, g;).

As in (5.1) the orbits of the points z; under g; are e-chains for f. Clearly
our hypothesis guarantees that 0 is in the interior of the convex hull of R(f) U
(UR(zj,g:)). Thus once again the remainder of the proof is identical to the proof
of (4.1). [ |

6. APPLICATIONS

A heuristic guiding the study of area preserving diffeomorphisms, especially ex-
act symplectic diffeomorphisms, is that they should have properties like the time
one map of the flow associated with an autonomous Hamiltonian vector field. In
particular we might hope to find estimates on the number and nature of fixed points
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based on the analogous results for critical points of smooth functions (the Hamil-
tonian function). The following result, sometimes called the Arnold conjecture, was
proved by A. Floer [Flo] and J.-C. Sikorav [S].

(6.1) Theorem. Suppose M is a compact oriented surface with non-positive Euler
characteristic and without boundary and suppose f: M — M 1is a diffeomorphism
isotopic to the identity which preserves the smooth measure v and has R, (f) = 0.
Then f has at least three distinct fixed points. If f has finitely many fized points
then at least two of them have positive index. If all fixed points of f have index
equal to £1 then f has at least 2g + 2 fized points, where g is the genus of M.

Proof. Clearly we need only consider the case when f has finitely many fixed points.
If the Euler characteristic of M is negative by Theorem (5.1) above there is a fixed
point z of positive index with a lift 2 € M which is fixed under the canonical lift
F: M — M of f to its universal covering space. This implies that f is isotopic to
the identity relative to z.

If M = T? there is also a fixed point z of positive index by a result of M. Flucher
[Flu] and there is a choice of lift F' which fixes lifts of z. Moreover F is a lift of
an isotopy from f to the identity. So in this case also f is isotopic to the identity
relative to z.

Let N denote M with the fixed point z blown up. Then there is a natural
identification of Hi(N,R) with H;(N,R) induced by the obvious map from N to
M. Clearly, if fo : N — N is the blown up version of f then for any x € int(N)
for which R(z, f) is defined we have R(z, f) = R(z, fo). Thus R,(fo) = 0 and fo
satisfies the hypothesis of (5.1). It follows that fp has an interior fixed point of
positive index and hence f has two fixed points of positive index. Since the Euler
characteristic of M is less than or equal to zero, there must also be a fixed point of
f of negative index, making at least three fixed points.

If all fixed points of f have index equal to =1 then f has at least two fixed points
of index one and the sum of the indices of all fixed points is the Euler characteristic
2 —2g. Thus f must have at least 2¢g fixed points of index —1 making a total of at
least 2g + 2 fixed points. [ ]

We can also obtain a result which might be called an Arnold conjecture for
diffeomorphisms of surfaces with boundary.

(6.2) Theorem. Suppose M is a compact oriented surface with negative Euler
characteristic and non-empty boundary and f : M — M 1is a diffeomorphism iso-
topic to the identity which preserves the smooth measure p. Let {v;} be the set
of rotation vectors of points in the boundary of M. If there are numbers ¢; > 0
such that —R,(f) = civ; then f has an interior fized point. If the interior fized
points of [ are isolated then one of them has positive index. In fact, in this case,
the canonical lift of f to its universal cover F': M — M has an interior fixed point
which is of positive indez.

Proof. The case that R, (f) = 0 is handled by (5.1). Otherwise, discarding any v;
for which ¢; = 0, we have

R#(f) + Z C;V; = O,
i=1
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with all ¢; > 0. It follows that for any € > 0 the interior of the convex hull of
B.(R,.(f)) U{v;} contains 0 and we can apply (5.2). [ |

Another way in which the heuristic mentioned above guides us is by suggesting
that if a diffeomorphism of a surface has some number of fixed points which are like
minima for a Hamiltonian function, then there must be another fixed point which
is like a maximum. In some circumstances this is the case. Suppose we are given
an area preserving diffeomorphism f : M — M and a fixed point p such that f
is homotopic to the identity on M rel p. If the Euler characteristic of M \ {p}
is negative then and we “blow up” p replacing it with a boundary component C,,
then the homological rotation number is defined for each point in the boundary of
the resulting surface.

In particular if this rotation vector is not zero, we have a well defined notion
of “which way” C,, is rotating compared with the orientation that boundary com-
ponent inherits from M. We will say that a fixed point p is of minimum type
(respectively mazimum type ) provided R(z, f) is a positive (respectively negative)
multiple of [Cp] for z € C),, where the orientation of C), is that induced from an
orientation of M. There are two weaknesses of this definition. First a fixed point
of saddle type whose unstable manifold has its orientation reversed has index +1
and hence will be either of maximum or minimum type. Secondly if the derivative
df, of f at a fixed point p is the identity then that point has neither maximum nor
minimum type. Other than this, any fixed point of positive index will have either
maximum or minimum type.

(6.3) Theorem. Suppose f: M — M is an area preserving diffeomorphism of a
closed oriented surface M # S?. Suppose f is isotopic to the identity and satisfies
R.(f) =0. If f has a finite fized point set then there is a set P of fized points each of
which is of positive index with the property that f is isotopic to the identity relative
to P and not all the points of P are of the same type (mazimum or minimum). If
for every fized point p, df, # id, then P contains at least one point of maximum
type and at least one of minimum type.

Proof. There is one fixed point of positive index by Theorem (5.1). Without loss
of generality suppose it is of minimum type. If we blow up this fixed point we
obtain a diffeomorphism isotopic to the identity on a surface M of negative Euler
characteristic. It will still have R, (f) = 0 so we can apply (5.1) again to find
another fixed point of positive index. Inductively suppose we have constructed
fn + My, — M, by blowing up n fixed points in this way. We will show that either
we find a fixed point with positive index which is not of minimum type or we can
blow up the fixed point of minimum type and continue the process. Since there are
finitely many fixed points this means we must eventually find a positive index fixed
point which is not of minimum type.

Actually the desired induction hypothesis is that f : M,, — M, is isotopic to
the identity and that there are constants ¢; such that —R,(f) = > ¢;v;, where
v; = Rz, f) for x; in the i-th boundary component of M,, so we can apply
Theorem (6.2). This clearly holds for n = 1. Assuming it holds for n we observe
that (6.2) implies the existence of a fixed point z of positive index. If z is of minimal
type we blow it up to obtain f,4+1 : M,411 — M,4+1 which is still isotopic to the
identity. This is because z is the projection of a fixed point of the canonical lift
F, : M, — M, and hence f,, is isotopic to the identity relative to z.
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Let C;, 1 < i < n, be the boundary components of M,, stage oriented consistently
with the orientation of M,,. All that remains to be shown is that

n+1

(1) ~Ru(fo+1) = Zaz‘[@'],

=1

where [C}] is the homology class of C; and a; > 0.

Let p: My4+1 — M, be the map that collapses C,,+1 to the point z which was
blown up to form it. It is then straightforward to see that p.(R,(frn+1)) = Ru(fn)
and that the kernel of p, is spanned by [C},+1]. By the induction hypothesis

(2) —Ru(fn) = Z ai|Cil,

for some a; > 0. Hence R, (fnt+1) + Y. iy @i[Ci] is in the kernel of p, and thus a
multiple of [C,+1]. Tt follows that equation (1) above holds where a;, 1 < i < n are
as in equation (2) and a1 is some real number which may not be non-negative as
desired.

However, the curves {C;} form the boundary of the surface M,,;1 and hence we
have

3) 0=">_[Cil.

Thus if we add k times equation (3) to equation (2) we obtain

n+1

(4) ~Ry(far1) = > bi[Cil,

=1

where b; = k + a;. Clearly if k is sufficiently large, b,+1 > 0 and we have shown
the induction hypothesis for n + 1.

Hence there is an additional fixed point of positive index and eventually one
which is not of minimum type. If the new fixed point of positive index is generic
and not of minimum type it must be of maximum type. There must also be a fixed
point of negative index since the sum of the indices is at most 0. [ ]

There is a similar theorem for S?, where no hypothesis on the mean rotation is
needed but we require that there be at least three fixed points of positive index.

(6.4) Theorem. Suppose f : S? — S? is an area preserving diffeomorphism iso-
topic to the identity with a finite fixed point set. If f has at least three fized points
of positive index then there is a set P of fixed points each of which is of positive
index with the property that f is isotopic to the identity relative to P and not all
the points of P are of the same type (maximum or minimum). If for every fized
point p, df, # id, then P contains at least one point of mazimum type and at least
one of minimum type.

Proof. Pick a set Py of three fixed points of positive index. Then f is isotopic to
the identity relative to Py since this is true for any diffeomorphism of S? isotopic
to the identity and any set of three fixed points.
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If the points of Py are not all of the same type we are done. If they are of the
same type we blow them up forming f5 : M3 — Ms, a diffeomorphism isotopic to
the identity on a surface which is a sphere with three holes and hence has Euler
characteristic —1.

Let [C4],[Cx], [C5] be the homology classes of the boundary components. Then
any two of these classes form a basis of H;(Ms,R) and [C1]+ [C2] + [C3] = 0. From
this it follows that any element of Hy(Ms,R) can be written as a1[C1] + a2[C2] +
a3[C3] with a; > 0. In particular

3
~Ryu(f3) =Y alCi),
i=1
for some non-negative a;.

It follows that just as in (6.3) we can now repeatedly apply (6.2) to find new

fixed points of positive index until we eventually find one which is not of the same

type as the points of F. [ |
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